INTRODUCTION
IT IS WELL KNOWN that in multisector models of optimal growth that optimal paths converge to a unique steady state when future utilities are not discounted. See Gale [8] , McKenzie [18] , and Brock [3] for results of this type. Then Sutherland [32] , in the case when future utilities are discounted, produced examples of multiple steady states in Gale's [8] model. Thus the qualitative behavior of optimal growth when future utilities are discounted may be quite different than the Ramsey case when future utilities are not discounted. Also Kurz [11] and Liviatan and Samuelson [13] have produced multipLe equilibria in the discounted case by introducing wealth effects and joint production effects respectively.
What we shall do here is give conditions for several multisector models that give uniqueness of steady states. In the case of no joint production and one primary factor of production we use a nonsubstitution theorem to determine relative prices and the choice of technique independently of the utility function.
We then assume normality of the utility function and show that there is at most one steady state for that case.
We examine a model with no joint production, no primary factor and no depreciation of capital. In this case we show that summability of the utility function and a type of "normality" condition on each production function yields uniqueness of steady state. New techniques have to be invented to handle this case. The techniques may be independently interesting.
A very general model that handles cases of joint production is examined in Section 3. All that is required here is that the steady state equations can be written in the form G(k, o) = 0 where p is the discount. It turns out that if G(k, 0) = 0 is satisfied by only one k and if the derivative matrix aGlak is nonsingular on the set M {k I G(k, p) = 0 and all k > 0} then there is only one steady state. This theorem captures2 most multisector models but the interpretation of the condition that aGlak be nonsingular is not clear.
In Section 2.3 we show that steady state equilibria in multisector models of optimum growth under discounting are special cases of static general equilibria when a tax is placed on capital services. This result holds in very general models and allows us to map out a strategy for a uniqueness of steady state theory along the lines of the static uniqueness of general equilibrium theory discussed in Arrow and Hahn [1].
UNIQUENESS OF STEADY STATE IN A SPECIAL CASE
Consider the following model of optimal economic growth. .. , n are concave, increasing, and twice continuously differentiable. 3 We will assume that zero input of any capital good implies zero output for all sectors, and marginal utility of consumption of the i-th good is + oo if the consumption level of the ith good is zero. Think of labor as being institutionally assigned to each sector. Thus we will assume that the Fi are not homogeneous of degree one. Let us agree not to worry about the optimum allocation of labor across sectors at this stage. We also assume that capital is infinitely durable and is shiftable at no cost across sectors. Furthermore assume that all steady states are interior. The interior steady states of problem (1) are described (after going through the usual Pontryagin's Maximal Principle [13] 
J=1
Our task is: Find conditions that make economic sense and that imply (2)- (4) have at most one solution. The obvious thing to do is go after some kind of normality assumption on consumption and factor inputs in each sector. We will develop two sets of assumptions. Let us assume from the outset that u is summable, i.e. u(c1, ... , cj) = EI vi(ci) where each vi is concave, increasing, vi'(0) + oo. Now let [Ft-] be the Hessian matrix of Fk. Assume that this is negative definite (it is negative semi-definite by concavity). We may now state assumption 1. ASSUMPTION 1. [Fk-] has a negative inverse k = 1, 2, ... , n. This is a very strong assumption. One can get by with much less, but a study of this assumption will motivate our weaker assumption. Let us develop some implications.
Consider This is a kind of "normality" assumption. It says that an increase in factor prices causes the marginal cost curve to rise. 
UNIQUENESS OF STEADY STATE IN THE GENERAL CASE OF EXPONENTIALLY GROWING LABOR FORCE, EXPONENTIALLY DECAYING CAPITAL, CONSTANT RETURNS TO SCALE PRODUCTION FUNCTIONS, AND NORMAL

UTILITY FUNCTION
In this case the model is We are now ready to apply a version of the standard nonsubstitution theorem contained in Burmeister and Kuga [5] . We write down their assumption. 
The last equality follows from the definiton of pi.
ao[I-(g + 6)a]-' = 1 .
There is another approach that is more in the tradition of multisectoral growth theory set by McKenzie [18] for example. We outline this approach below. In this approach if the marginal product of ki gets large as ki tends to zero then for our purposes one can get by with weaker assumptions on the (i than Burmeister and Kuga [5] and still produce a positive steady state.
Existence theorems have been established by Peleg and Ryder [22] and Sutherland [32] . Peleg and Ryder's theorem is the most useful for our purposes. We shall just sketch it. It deals with a much more general model. Let Also Wo is the increase in the maximum of (19) when additional labor is added to the one unit available. Thus it is reasonable to assume that this is positive. 
STEADY STATE EQUILIBRIA ARE GENERAL EQUILIBRIA WITH DISTORTIONS
In this section we point out a relation between steady state analysis in multisector models and general equilibrium theory when there are distortions present. We will argue that this relation is useful in the sequel.
To gain understanding look at the simple one sector problem Here the consumer has one unit of labor that receives wage wo. The other symbols are self explanatory. It is trivial to point out and prove the following theorem.
THEOREM (Equivalence Theorem)
. A p-equilibrium is a steady state for the optimal growth problem of Section 2.2 when future utilities are discounted by p. Le., a p equilibrium solves equations (6) Section 2.1 in steady state. Furthermore a steady state solution to (6) is a p-equilibrium.
Let us point out why we think that this equivalence is important. First, this equivalence theorem will generalize to cases of joint production and many or no primary factors. Thus it may be applied to general growth models such as McKenzie [18] for example. Second, there is already a small but growing literature on existence of general equilibrium with distortions. See Shoven and Whalley [27] , [28], Shoven [26] , and Sontheimer [29] , [30] . Thus the equivalence theorem allows us to apply this literature to existence of steady states in optimal growth under discounting of future utilities. Third, we predict that a literature on uniqueness of distorted-equilibria will develop along the lines of the standard analysis of uniqueness of competitive equilibria exposited in Arrow and Hahn [1, (chapter 9)]. Once this has been done (if it hasn't already been done) we may read off theorems on uniqueness of steady states in very general models of optimum growth under discounting. The equivalence theorem shows that the non uniqueness problem under discounting is not much more mysterious than uniqueness of competitive equilibrium, and we think that it is fair to say that we have a good understanding of uniqueness of competitive equilibrium. Fourth we may be able to use some of the standard stability of competitive equilibrium results in Arrow and Hahn [1, (Chapter 1 1)] to study local stability of steady states but we are uncertain about the potential of use of the equivalence theorem in this direction. Note too that the boundedness of U pEB Mp is essential.
CONDITIONS FOR UNIQUENESS OF STEADY STATE INVOLVING THE
SOME REMARKS ON THE MEANING OF ALL THIS
We see the study of uniqueness and stability in models of the type analyzed in this paper as being interesting not only for optimal growth but also for laying the foundations for a serious general equilibrium theory over time with capital accumulation entering in a nontrivial way. One may look at the model of Section 2.1, for example, as the solution to an equilibrium problem where there is one consumer who spends his income from profits and rentals obtained from capital lent out to firms on consumption and capital accumulation. Let the firms be static profit maximizers. Let the consumer be a price taker who is in charge of capital accumulation. Equilibrium is a set of prices on consumption and rental rates on equipment such that markets clear at all moments of time. I.e., this is the perfect foresight case. See Brock [2] and Lucas and Prescott [14] for expositions on perfect foresight as an equilibrium concept. In the one consumer model the equilibrium sequence of prices, rents, consumptions and capitals is unique. But we may ask if it converges to a steady state as time passes. It certainly cannot converge to the same steady state independent of initial conditions if the steady state is not unique. Thus our problem arises as part of general equilibrium theory.
If the steady state is not unique then "comparative statics" across parameter changes may be meaningless. One certainly is interested in the impact on the long run equilibrium consumnption, capital constellation due to a parameter change in a world of more than one or two goods. One could say that the uniqueness of steady state problems is just as basic for long run problems as uniqueness of competitive equilibrium is in the usual static models. It is reassuring that in the model studied in this paper, at least, that "normality" type assumptions will give a unique steady state.
More elaborate equilibrium models may be constructed. Our analysis, we hope, should be helpful in studying uniqueness of the long run equilibrium capital stock configuration in more sophisticated models. See Walter Heller's Ph.D. thesis [9] for work viewing growth theory as a branch of equilibrium theory and its possibilities of use in constructing a general equilibrium theory where capital accumulation over time is brought in an essential way.
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